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Clausal Relations

Letp,ge N, :={1,2,...}, D:={0,1,...,n—1} and (D; <) chain.

Definition

For given parameters a = (ay,...,8p) € DPand b = (by,...,bq) € DY,
the clausal relation R of arity p + q is the set of all tuples

(X1, Xp, Y1, .., Yq) € DPT9 satisfying

(x1>a)V---V(xp>ap)V(ys <bt)V---V(yq < by).

In this expression < denotes the canonical linear order on D and > its
dual.
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Let D = {0,1,2}, then

RI = {(qa.y)eD?|x>2vy <1}

- (32e1652)-{06)}

w

R = {(X1,X27Y1)€D
0
2
1
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CRp:= |J {RjlacDPbec D}
(p.g)EN?

the set of all finitary clausal relations on D.

Fact
o If(3ic{1,....,p}: a=0) = R2 = DP+I,
e If(Fje{l,....q} : bj=n—-1) = Rj = DP*9.
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Lemma

CRp Ndiag(D) = {DP*9 | p,g e N, }.
CR? := CRp \ diag(D)
={Rglac (D\{0})*,be (D\{n—-1})%p,ge N} |

Non-trivial clausal relations (Essential predicates)
0,...,0,n—1,....n—1)¢ R3 € CR,  but
(a1,0,...,0,n—1,...,n—1),...,(0,...,0,n—1,...,n—1,b,) € R} ]
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For n € N, called arity,

C m
DD For m € N subsets o C D™ are

(X1,...,Xn) — F(Xq1,...,Xn) m-ary relations on D

(m) ._ m
n-ary operation on D Ry = P(D™)

O(;) .— pb" set of m-ary relations on D
Rp = Umen, RY”

set of n-ary operations on D
Ob = Uken O(Ef) set of all finitary relations on D.
n

set of all finitary operations on D.
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Projections

LetneNyandje{1,...,n}

el : A — A
(@,...,an) — g

the j-th projection of arity n on A.
Jy = {e}”) |neN,,1 gjgn}

is the set of all projections on A.
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Composition

Letfe 0% gy,...,gx € O,
X

fo(gy,....,0k) : A™ — A
X:=(X1,....Xm) +—  (flg1,---,9k])(X)
= f(g1(x),. .., gk(x))

g1 “ ..
\/ called composition or superposition.

Gk

fo g17"'agk
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What is a clone?

Definition

F C O is clone (of operations) on A iff
Q@ JCF
© F is closed w.r.t. composition.

Examples
@ J, Clone of all projections.
@ O, Clone of all operations.
Q Of,., continuous functions of a topological space (A, 7).
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Importance of clones (for universal algebra)

Proposition

For every algebra A = (A; F) its set of term operations Term (A) forms
a clone.

Every clone F C Oy is the set of term operations of some algebra,
namely that of A = (A; F).

Example
Let A= (R,+)
o= (+,x1,%) t(ar,a) = ar + a
= (+, %, (+, %, %)) (a1, 22) = 2a1 + &
ty = (+, (.. (4, (+, (+, X1, X1), X1), X1) . .. .), X1) #\(a1) = kyay

v
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Example
Let A= (R, +)

t4 = (+7 ( .. (+7 (+7 (+7 (+7 X17X2)7X1)7X2)7X1) .- -)7X2)
tf(a1,ag) = kyay + koao, where kq, ko € N\{O},a1,a2 € R.

Term (A) = {Zn: kiaj | ki€ N\ {0}, a; € R} = (H)oy

i=1

Let F C O4. The Clone generated by F is
(F)o, :=(){Cisclone | F C C}

and it is the smallest clone containing F.
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Lattice of Clones

@ Lo:={FCO4|Fisaclone}
@ (L4, Q) lattice of all clones on A.
@ a complete and dually (for finite A) lattice.
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Preservation condition

For f € O(k), and g € R(m), we say f preserves g, denoted by f > o if
one of the following equivalent conditions is fulfilled:

@ f: DK — Dinduces a homomorphism between the k-th direct
power (D; o)X and the relational structure (D; o). f is a
polymorphism of .

@ o is a subuniverse of the m-th direct power (A; f)™. This motivates
the alternative names subpower or invariant relation for o.

@ Forevery tuplesry,...,rx € o, the composition of f with these
tuples belongs again to the relation o.
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Finitary operations with  Finitary relations.

fe Og‘) preserves o € R(Dm) denoted by > 0

at1 aik fla;r ... aix)
fo ) > : = .
ami Amk f(arm <o amk)
m m m
0 0 0
Vargas E.
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Polymorphisms and Invariant relations

Definition
FC0Op, QCRp

Polp@Q = {feOp|VYoe Q:fr>p}
Invp F = {peRp|VfeF:f>p}
The mappings
PolQ«+ Q
F—InvF

define a GALOIS connection Pol — Inv induced by ©>.
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Example
Let D= {0,1,2}, then

RT = {(x,y)eD?|xy>2vy <1}
(o001 1222\ . [[0\/1
o (0 101 0 1 2>_D\{<2><2>}_

c(()s), céz), eﬁz) € PolpR? = {f € Og’) | o> R?} because for every tuple
in R? we have

@ (1 12\ (0 @ (12) (2 @ (0 1) (o
COO<010>_<002°11 =) &l 1) T\

But 5 /~R?, where f5(0) = 0, f5(1) = 2, 5(2) = 0 (Explain)

v
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On finite D, clones(of operations) are

Theorem (BodnarcCuk, Kaluznin, Kotov, Romov 69)
For D finite, F is a clone —> F = Polp Q for Q = Invp F.

Every clone can be described by relations.

Idea
To confine the allowed relations to be clausal relations.

Clnv F :=Invp FN CRp
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Definition

F C Opis C-clone : < F = Polp Q, where Q is a set of clausal
relations.

Motivation

Reduction of complexity by confining the allowed relations.

[m] = = =
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Where do the C-clones live?

Op
For F C Op

InvF D CRpninvF = CinvF

= (F)o, = Pollnv F C Pol CInv F := (F)

Clone

Ip
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How many C-clones do exist for an arbitrary finite set D?

e For D = {0, 1}, there are five different C-clones.

9 Op
M = Pol <
(Co, €1, V)0, (Co, €1, No,
<007 C1>OD
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Lattice of C-clones forD={0,...,n—1} , n>3

@ Contains countably infinite descending chains.
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Definition
QCRp
End Q := Pol @ n O}
AutQ :=PolQNSym (D).
Definition

A monoid M = (M, o, idp) where M C DP is C-monoid

<= JQCCRp: M=EndQ

G C Sym (D) is C-automorphism group : <= 3Q C CRp: G = AutQ.
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We shall describe
{AutQ | QC CRp} ={AutQ* | Q* C CRp}.

AutQ* = () AutRj
RicQ*
(x1>a)V---V(xp=>a) V(i <b)V-V(yg < bg).

p
Ry = JDx...xDx[a,n—1]xDx...x DU
= i—1 p+q—i

q

UDx...xDx[O,bj]xDx...xD

N~ ~—————

R -
(R2)°=[0,a) x ... x [0,8p) x (by,n—1] x ... x (bg,n— 1]
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For f € Sym(D),a € (D\ {0})’,b e (D\ {n—1})9, it holds:

f>R) — fr (R])°

p q
> fr [][0,a) x [[(bj,n—1]
i1 =1

> {[0,a)ie{1,....p}pu{(b,n-1]1je{1,....q}}}

AUt({[O,a/)‘ie{‘l,...,p}}U{(bj,n—ﬂ |j€{177q}})
— Au({[0.a) i€ {1,....ppU{0.B+ 1) 1€ {1,....q1})

Aut R}
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fa
L > [0.1)] l

f2 . (01) f1

D= {0,1,2}

| S 02 fis, fig, foy

fs : id X X

f75: (12) | x 0.1) [0.2)
f~|1 . (01) X f7 f11
fis : (012)
f19 : (021) f5
f21 . (02)

[0,1)
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D=1{0,1,2,3}

[0,3)

{fesym(D) | fr=[0,1),f>[0,2)}

Theorem (Behrisch-Vargas)

The lattice of all C-automorphism groups is dually isomorphic to
(P(D\ {0}), C) via the following isomorphism

¢: (P(D\{0}),S) — ({AutQ| Q € CRp}, D)
U~ Aut{[0,u) | uec U}
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We shall describe
{EndQ | QC CRp} ={EndQ* | Q" C CRp}.

EndQ = () EndRj
R2cQ~

Proposition
Letby,...,bge D\{n—1} anday,...,a, € D\ {0}. Then

a17 -éap a17 -8p
EndRE %, — EndREI™%

End R "”P’ap EndRa" 8
by,... ..,bg
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O<a<n-1

EndR7-}

EndF\’,7 2.0-3)

E”dR?n 2,n-3,n—4)

f*(x)'— a+1 ifx=a
a T x otherwise.

() = {aq ifx:g

X otherwise.

End CRp = {c", ¢, id}
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D={0,1,2}

fis

fe

fio

fos

fi1

1

0

fos

fio

1

fo3

f

1

fon

fs

2|0

foq

f7

1

fe

212|2|0]0

foo

fs

1

2|0

fig

fa

1
1

fig

f

1

fi7

fo

210

fi

fie

fo

0/0|0

0

fis

0{ojo0ojo0ojo0j0j0/0|0/|O0

f4
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1,2 1,2 1,2
‘ v ‘ Ry ‘ RS ‘ Ri ‘ Ay ‘ Rlio ‘ Rii.0) ‘ Ry ‘ R ‘ R ‘
(0,0,0) =1y X X X X X X X X X
(0,0,1) = f X X X X X X

(0,0,2) =1 X X X

(0,1,0)=£H X X X X X X
0,1,1) =14 X X X X X X X
0,1,2) =1 X X X X X X X X X
(0,2,0) = %

0,2,0)=F | x

(0,2,2) =fg X X X

(1,0,0) =1fy X X X X X X
(1,0,1) = fip X X X X X X
(1,0,2) = Ay X

(1,1,0) = fi X X X X X X
(1,1,1) =fi3 X X X X X X X X
(1,1,2) = f14 X X X X X X X
(1,2,00=fs

(1,2,1) = fg X X X X X X
(1,2,2) = f17 X X X X X X
(2,0,0)=fig

(2,0,1) = fg

(2,0,2) =

(2,1,0) = By

(2,1,1) =fp X X X X X X
(2,1,2) = b3 X X X X X X
(2,2,0) = g

(2,2,1) = hs X X X X X X
(2,2,2) = fyg X X X X X X X X X
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fo, fis, fig. fra. foo, fo1 Foa|

fie, f17, faz, fos.|fos | ; ’
148 :
f C
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Final Clause

Thank A (-me ) A for A your A (—inattention). |
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