FUNDAMENTAL EHRESMANN SEMIGROUPS

GRACINDA M.S. GOMES AND VICTORIA GOULD

Abstract. The celebrated construction by Munn of a fundamental inverse semigroup T_E from a semilattice E provides an important tool in the study of inverse semigroups. We present here a semigroup C_E that plays the T_E role for Ehresmann semigroups. Inverse semigroup are Ehresmann, as are those that are adequate, weakly ample or weakly hedged. We describe explicitly the semigroups C_E for some specific semilattices E and extract information relating to the corresponding classes of Ehresmann semigroups.

1. Introduction

To what extent is the structure of a semigroup S determined by a subset E of its set of idempotents? Of all the many possible approaches to this question we take the path first laid out by Munn. Munn considered fundamental inverse semigroups, that is, inverse semigroups having no non-trivial idempotent separating congruences. Munn [M] showed how an important fundamental inverse semigroup T_E could be constructed from any semilattice E, via partial isomorphisms of E. The Munn semigroup T_E of E has semilattice of idempotents isomorphic to E and is ‘maximal’ in the sense that an inverse semigroup S with semilattice of idempotents E is fundamental if and only if it is isomorphic to a full subsemigroup of T_E . Further, if S is an inverse semigroup with semilattice of idempotents E then there exists a homomorphism ϕ : S → T_E whose kernel is μ, the maximum idempotent separating congruence on S [M].

In this paper we develop Munn’s approach for a class of semigroups named Ehresmann by Lawson [L]. These semigroups arose from his study of the connection between semigroups and the classes of ordered small categories introduced by Ehresmann [EH]. Specifically, Theorem 4.24 of [L] states that the category of Ehresmann semigroups and admissible homomorphisms (that is, homomorphisms preserving a given

Date: June 5, 2000.

1991 Mathematics Subject Classification. 20 M 10.

Key words and phrases. semilattice, Munn semigroup, adequate, ample. This work was supported by project PRAXIS 2/2.1/MAT/73.94. 1

2 GRACINDA M.S. GOMES AND VICTORIA GOULD

unary operation,) is isomorphic to the category of Ehresmann categories and strongly ordered functors. This is analogous to the relation between inverse semigroups and inductive groupoids. From our standpoint, Ehresmann semigroups are arrived at via equivalence relations ~L_E and ~R_E, defined on a semigroup S containing a semilattice E as a subsemigroup. These relations contain Green’s relations L and R and share some of their properties. Following the terminology of Lawson, we say that the pair (S, E) is an Ehresmann semigroup if every ~L_E - class and every ~R_E -class contains an idempotent and if, in addition, ~L_E is a right congruence and ~R_E is a left congruence. We remark that if S is inverse then ~L_{E(S)} = L and ~R_{E(S)} = R, and clearly, (S, E(S)) is Ehresmann. Similarly, any adequate semigroup is Ehresmann. Further examples abound; we give details of these as we proceed.

For an Ehresmann semigroup (S, E) we denote by μ_E be the largest congruence contained in ~H_E = ~L_E ∩ ~R_E. We say that (S, E) is fundamental if μ_E is trivial. The aim of this paper is to construct from a given semilattice E a semigroup C_E containing a semilattice of idempotents E isomorphic to E such that (C_E , E) is fundamental Ehresmann. Further, for any Ehresmann semigroup (S, E), there is a homomorphism θ_E : S → C_E such that θ_E restricts to an isomorphism from E to E, and such that the kernel of θ_E is the relation μ_E on S. It follows that an Ehresmann semigroup (S, E) is fundamental if and only if θ_E is injective.

The structure of the paper is as follows.

In Section 2 we give details of the relations ~L_E and ~R_E and collect together some preliminary results from [FGG]. We show that there is a homomorphism θ_E with kernel μ_E from an Ehresmann semigroup (S, E) to O_1(E^1) × O^∗_1(E^1), where O_1(E^1) consists of all order preserving functions from E^1 to E and here, as elsewhere, a^∗ denotes the dual of a semigroup. Since μ_E is contained in ~H_E , it follows that θ_E is one-one on E. We write E for Eθ_E .

Section 3 contains the main results of the paper, namely the construction of a fundamental Ehresmann semigroup (C_E, E) from a given semilattice E. The semigroup C_E is a subsemigroup of O_1(E^1) × O^∗_1 (E^1); as remarked above, the semilattice E is isomorphic to E. We show that the image of θ_E for any Ehresmann semigroup (S, E) is contained in C_E and consequently, (S, E) is fundamental if and only if θ_E is an embedding.

Section 4 concentrates on the special case of weakly E-hedged semigroups, which formed the topic of [FGG]. Weakly E-hedged semigroups are Ehresmann semigroups having the property that the image of θ_E

FUNDAMENTAL EHRESMANN SEMIGROUPS 3

consists of pairs of endomorphisms of E. A fundamental weakly Ehedged semigroup F_E was contructed in [FGG]. We show that F_E is a subsemigroup of C_E and make some comparisons between F_E and C_E.

A discussion of the path that led us from inverse semigroups, through type A or ample semigroups [F1] and the weakly E-hedged and weakly E-ample semigroups of [FGG], to Ehresmann semigroups, is delayed until Section 5. By this point sufficient details are in place for a deliberation of the obstacles to progress to be meaningful.

In the final section we take some small semilattices E and describe explicitly the semigroups F_E and C_E. This enables us to find small examples of Ehresmann semigroups that do not fall into any of the classes of semigroups previously considered.

2. E-semiadequate semigroups and the maps α_a, β_a

Throughout this paper E denotes a semilattice, and E^1 denotes E with identity adjoined if necessary. If E is a commutative subsemigroup of idempotents of a semigroup S, we say simply ‘E is a subsemilattice of S’. Note that we do not insist that E consist of all idempotents of S. However, in the case that E = E(S) we may omit mention of E from our definitions and statements.

Ehresmann semigroups form a subclass of the class of E-semiadequate semigroups. The latter are approached via the relations ~L_E and ~R_E, which we now define.

Let E be a subsemilattice of a semigroup S. For any a ∈ S we put a_E = {e ∈ E : ae = a} and_Ea = {e ∈ E : ea = a}. Notice that if_Ea is not empty, it is a subsemilattice and filter in E; dually for a_E . The relations ~L_E and ~R_E are defined by

a ~L_E b ⇔ a_E = b_E and a ~R_E b ⇔_E a =_E b

for any a, b ∈ S. Clearly, ~L_E , ~R_E and hence their intersection ~H_E are equivalences.

Recall from [FGG] that S is E-semiadequate if every ~L_E -class and every ~R_E -class contains an idempotent of S. The following result is straightforward but useful enough to be highlighted as a lemma.

Lemma 2.1. Let E be a subsemilattice of S. For any a ∈ S and e ∈ E, a ~L_E e if and only if e is the minimum element of a_E . Consequently, a is ~L_E -related to at most one idempotent of E.

Together with its dual the lemma gives us

4 GRACINDA M.S. GOMES AND VICTORIA GOULD

Corollary 2.2. Let E be a subsemilattice of S. Then S is E-semiadequate if and only if for each a ∈ S, the sets a_E and_Ea contain a minimum element.

For an E-semiadequate semigroup S we denote by a^∗ (a^+) the unique idempotent in the ~L_E -class ( ~R_E -class) of a. Thus a^∗ (a^+) is the minimum element of a_E (_E a, respectively). Notice that for any e ∈ E, e^∗ = e so that for any a ∈ S, (a^∗)^∗ = a^∗ and for any b, c ∈ S,

b ~L_E c if and only if b^∗ = c^∗.

The dual remarks hold for ~R_E .

If S is an E-semiadequate semigroup then for any a ∈ S there are functions α_a : E^1 → E, β_a : E^1 → E given by xα_a = (xa)^∗, xβ_a = (ax)^+.

As commented in the introduction, if S is inverse, then ~L = L and ~R = R. In this case, for any x ∈ E1,

xα_a = (xa)^∗ = (xa)^{−1}(xa) = a^{−1}xa, so that, except for the domain, our function α_a is the same as that introduced by Munn [M] in his representation of inverse semigroups. Moreover, with domains restricted to Eaa^{−1} and Ea^{−1}a respectively, the maps α_a and β_a are mutually inverse isomorphisms.

Although much is lost in moving away from the inverse case, α_a and β_a retain enough useful properties.

Lemma 2.3. [FGG] Let S be an E-semiadequate semigroup. Then (1) for all a, b ∈ S, (ab)^∗ ≤ b^∗ and (ab)^+ ≤ a^+;

(2) for all a ∈ S the mappings α_a, β_a : E^1 → E are order preserving.

The condition that a semigroup be E-semiadequate can be very weak. To make progress we require that the semigroup satisfies the congruence condition [L], which says that ~L_E is a right congruence and ~R_E is a left congruence. An E-semiadequate semigroup S satisfying the congruence condition is an Ehresmann semigroup. For convenience and with considerable abuse of notation we follow the lead of [L] and refer to ‘the Ehresmann semigroup (S, E)’ and say ‘(S, E) is Ehresmann’.

Lemma 2.4. [FGG] Let (S, E) be an Ehresmann semigroup.

(1) For all a, b ∈ S, (ab)^∗ = (a^∗b)^∗ and (ab)^+ = (ab^+)^+. (2) For all a ∈ S and e ∈ E, (ae)^∗ = a^∗e and (ea)^+ = ea^+. (3) For all a, b ∈ S, α_{ab} = α_aα_b and β_{ab} = β_bβ_a.

FUNDAMENTAL EHRESMANN SEMIGROUPS 5

For any semilattice E we denote by O_1(E^1) the semigroup of order preserving functions from E^1 to E and by End_1E^1 the subsemigroup of endomorphisms of E^1 with image contained in E. The dual semigroups are denoted by O^∗_1(E^1) and End^∗_1E^1. For any e ∈ E the endomorphism in End_1E^1 induced by multiplication with e is written ρ_e. Notice that E = {e = (ρ_e, ρ_e) : e ∈ E} is a semilattice contained in End_1E^1×End^∗_1E^1 and e → e is an isomorphism from E to E.

Recall that μ_E is the largest congruence contained in ~H_E = ~L_E ∩ ~R_E. The congruence μ_E may be described in an analogous manner to that given for adequate semigroups in [F1]; the proof is essentially the same as that in [F1].

Lemma 2.5. Let (S, E) be an Ehresmann semigroup. Then θ_E : S → O_1(E^1) × O^∗_1(E^1) given by aθ_E = (α_a, β_a) is a homomorphism with kernel μ_E . Thus μ_E = {(a, b) ∈ S × S : α_a = α_b and β_a = β_b}.

Further, for any e ∈ E, eθ_E = e so that θ_E |_E : E → E is an isomorphism.

Proof In view of Lemmas 2.3 and 2.4, θ_E exists as given and is a homomorphism. With the exception of the last statement, the remainder of the lemma is taken from Lemma 2.5 [FGG]. For any x ∈ E^1 and e ∈ E we have xα_e = (xe)^∗ = xe = xρ_e and dually, xβ_e = xρ_e, so that eθ = (α_e, β_e) = (ρ_e, ρ_e) = e as required.

3. Fundamental Ehresmann Semigroups

In this section we construct from a semilattice E a fundamental Ehresmann semigroup (C_E, E) which is ‘maximal’ in the sense that any Ehresmann semigroup (S, E) is fundamental if and only if the homomorphism θ_E given in the previous section embeds S in C_E.

We remark that the semigroup O_1(E^1)×O^∗_1 (E^1) is not E-semiadequate unless E is a lattice, so the obvious choice for C_E fails miserably.

6 GRACINDA M.S. GOMES AND VICTORIA GOULD

The semigroups O_1(E^1) and O^∗_1(E^1) are partially ordered by ≤ where α ≤ β if and only if xα ≤ xβ for all x ∈ E^1.

It is easy to see that ≤ is compatible with multiplication. The subset C_E of O_1(E^1) × O^∗_1 (E^1) is then defined by C_E = {(α, β) ∈ O_1(E^1) × O^∗_1 (E^1) : ∀x ∈ E^1, ρ_{xα} ≤ βρ_xα and ρ_{xβ} ≤ αρ_xβ}. Before we show that C_E is the semigroup we seek, we make some minor remarks. First, C_E is symmetric in the sense that a pair (α, β) is in C_E if and only if the pair (β, α) is in C_E . Second, for any e ∈ E and x, y ∈ E^1, yρ_eρ_xρ_e = yρ_{xe} = yρ_{xρe} so that e = (ρ_e, ρ_e) ∈ C_E and E ⊆ C_E .

Lemma 3.1. The set C_E is a subsemigroup of O_1(E^1) × O^∗_1 (E^1). Proof We have seen that C_E ≠ ∅. Let (α, β), (γ, δ) ∈ C_E. Then (α, β)(γ, δ) = (αγ, δβ). We have ρ_{xα} ≤ βρ_xα and ρ_{yγ} ≤ δρ_yγ for all x, y ∈ E^1, so that with y = xα ρ_{xαγ} ≤ δρ_{xα}γ ≤ δβρ_xαγ. Together with the dual argument this gives that (αγ, δβ) ∈ C_E . Proposition 3.2. The ordered pair (C_E , E) is a fundamental Ehresmann semigroup. Further, for any (α, β) ∈ C_E, (α, β)^∗ = (ρ_{1α}, ρ_{1α}) and (α, β)^+ = (ρ_{1β} , ρ_{1β}).

Proof Let (α, β) ∈ C_E. As α is order preserving, clearly αρ_{1α} = α. We show that ρ_{1α}β = β so that (α, β)(ρ_{1α}, ρ_{1α}) = (α, β). Let x ∈ E^1. Then xβ = 1ρ_{xβ} ≤ 1αρ_xβ = (1αx)β = xρ_{1α}β ≤ xβ so that ρ_{1α}β = β as required.

Suppose now that (α, β)(ρ_e, ρ_e) = (α, β) for some e ∈ E. Then αρ_e = α so that 1αe = 1α and 1α ≤ e. As e → e is an isomorphism, 1α ≤ e, that is, (ρ_{1α}, ρ_{1α}) ≤ (ρ_e, ρ_e). From Lemma 2.1, (α, β)^∗ exists and (α, β)^∗ = (ρ_{1α}, ρ_{1α}).

FUNDAMENTAL EHRESMANN SEMIGROUPS 7

The dual argument gives that (α, β)^+ exists and is (ρ_{1β} , ρ_{1β}). It is then a routine matter to check that the congruence condition holds, so that (C_E, E) is an Ehresmann semigroup.

It remains to show that (C_E, E) is fundamental. Suppose that (α, β) is μ_E-related to (γ, δ). As μ_E ⊆ ~H_E ⊆ ~L_E we have that (α, β)^∗ = (γ, δ)^∗; by the above, 1α = 1γ.

Let e ∈ E. As μ_E is a congruence, (ρ_e, ρ_e)(α, β) μ_E (ρ_e, ρ_e)(γ, δ) so that (ρ_eα, βρ_e)^∗ = (ρ_eγ, δρ_e)^∗ and so eα = 1ρ_eα = 1ρ_eγ = eγ. Thus α = γ. Dually, β = δ so that (α, β) = (γ, δ) and μ_E is trivial as required.

The following lemma is taken from Lemma 6.1 of [FGG]; note that in that paper the term ‘Ehresmann semigroup’ is not used.

Lemma 3.3. Let S be an E-semiadequate semigroup and let T be a subsemigroup of S containing E. Then

(1) T is E-semiadequate;

(2) if (S, E) is Ehresmann, then so is (T, E);

(3) if (S, E) is Ehresmann and fundamental, then so is (T, E).

Let (S, E) be an Ehresmann semigroup. Since by definition the congruence μ_E is contained in ~H_E, we have that μ_E is idempotent separating, so that the set of idempotents Eμ_E = {eμ_E : e ∈ E} is a subsemilattice of S/μ_E isomorphic to E.

A homomorphism (isomorphism) ν from an E-semiadequate semigroup S to C_E is an E-homomorphism (E-isomorphism) if eν = e for each e ∈ E.

We are now in a position to state our main result.

Theorem 3.4. Let E be a semilattice. Then (C_E, E) is a fundamental Ehresmann semigroup.

For any Ehresmann semigroup (S, E), there is an E-homomorphism θ_E : S → C_E given by

aθ_E = (α_a, β_a)

with kernel μ_E . Consequently,

(1) (S/μ_E, Eμ_E) is a fundamental Ehresmann semigroup; (2) (S, E) is fundamental if and only if it is E-isomorphic to a subsemigroup of C_E .

8 GRACINDA M.S. GOMES AND VICTORIA GOULD

Proof The first statement is Proposition 3.2. Concerning the second statement, in view of Lemma 2.5 it remains only to show that Sθ_E ⊆ C_E. Let a ∈ S. Then aθ_E = (α_a, β_a) and for any x, y ∈ E^1 yρ_{xαa} = y(xa)^∗ = ((xa)^∗y)^∗ = (xay)^∗ by Lemma 2.4. Again using Lemma 2.4,

yρ_{xαa} = (x(ay)^+ay)^∗ = ((x(ay)^+a)^∗y)^∗ = (x(ay)^+a)^∗y

so that

yρ_{xαa} ≤ (x(ay)^+a)^∗ = ((ay)^+xa)^∗ = yβ_aρ_xα_a

and ρ_{xαa} ≤ β_aρ_xα_a. Dually, ρ_{xβa} ≤ α_aρ_xβ_a so that (α_a, β_a) ∈ C_E and θ_E : S → C_E.

By the fundamental theorem of homomorphisms for semigroups, there is a one-one homomorphism θ_E : S/μ_E → C_E such that (eμ_E )θ_E = eθ_E = e. By Lemma 3.3, ((S/μ_E)θ_E , E) is fundamental Ehresmann, hence so is the semigroup (Sμ_E, Eμ_E).

To prove (2), notice first that if (S, E) is fundamental then the Ehomomorphism θ_E is one-one. Conversely, if ν : S → C_E is a one-one E-homomorphism, then as by Lemma 3.3, the semigroup (Sν, E) is fundamental Ehresmann, so also then is (S, E).

4. the hedged case

An Ehresmann semigroup (S, E) which satisfies the ‘hedged’ conditions

(HR) for all x, y ∈ E and for all a ∈ S, (xya)^∗ = (xa)^∗(ya)^∗ and its dual (HL) is called weakly E-hedged. Fundamental weakly Ehedged semigroups were the topic of [FGG]. We remark that for any order preserving function α : E^1 → E, α is an endomorphism if and only if (xy)α = xαyα for all x, y ∈ E.

Lemma 4.1. Let (S, E) be an Ehresmann semigroup. Then S is weakly E-hedged if and only if α_a and β_a are endomorphisms for all a ∈ S.

In [FGG] we showed how to construct a weakly E-hedged semigroup F_E from any given semilattice E. For convenience we recall here that

F_E = {(α, β) ∈ End_1E^1 × End^∗_1E^1 : ρ_{1β} ≤ αβ, ρ_{1α} ≤ βα}.

Lemma 4.2. Let α ∈ End_1E^1 and β ∈ O_1(E^1). Then ρ_{1α} ≤ βα

FUNDAMENTAL EHRESMANN SEMIGROUPS 9

if and only if ρ_{xα} ≤ βρ_xα for all x ∈ E^1.

Proof One direction is clear, since ρ_1 is the identity mapping in E^1.

Suppose now that ρ_{1α} ≤ βα and take x, y ∈ E^1. We have yβρ_xα = (yβ x)α = (yβα)(xα) as α is a homomorphism. By assumption, yβρ_xα ≥ (yρ_{1α})(xα) = y(1α)(xα) = y(xα) = yρ_{xα} as α is order preserving. Thus βρ_xα ≥ ρ_{xα} as required. Corollary 4.3. The semigroup F_E is a subsemigroup of C_E. Further, F_E = C_E ∩ (End_1 E^1 × End^∗_1 E^1).

Corollary 4.4. If F_E = C_E then every Ehresmann semigroup (S, E) is weakly E-hedged.

If E is a chain, it is easy to see that End_1 E^1 = O_1(E^1) and consequently, F_E = C_E . Curiously, we can have F_E = C_E without End_1 E^1 = O_1(E^1). If E is the three element semilattice with Hasse diagram

0 e f

then α : E^1 → E given by 1α = eα = fα = e, 0α = 0 is order preserving but not an endomorphism. However, we show in Section 6 that, nevertheless, F_E = C_E for this semilattice. Corollary 4.5. If |E| ≤ 3, then F_E = C_E and every Ehresmann semigroup (S, E) is weakly E-hedged.

Finally in this section we consider the internal structure of C_E with regard to the conditions (HR) and (HL). Proposition 4.6. For any (α, β) ∈ C_E we have (ef(α, β))^∗ = (e(α, β))^∗(f(α, β))^∗ for all e, f ∈ E if and only if α is a homomorphism. Dually, ((α, β)ef)^+ = ((α, β)e)^+((α, β)f)^+ for all e, f ∈ E if and only if β is a homomorphism.

10 GRACINDA M.S. GOMES AND VICTORIA GOULD

Proof For any x ∈ E, (x(α, β))^∗ = ((ρ_x, ρ_x)(α, β))^∗ = (ρ_xα, βρ_x)^∗ so that from Proposition 3.2, (x(α, β))^∗ = (ρ_{1ρxα}, ρ_{1ρxα}) = (ρ_{xα}, ρ_{xα}). Bearing in mind the remark preceding Lemma 4.1, the result follows easily.

Corollary 4.7. For any semilattice E, F_E = C_E if and only if C_E is weakly E-hedged.

Corollary 4.8. For any semilattice E, F_E = C_E if and only if every Ehresmann semigroup (S, E) is weakly E-hedged.

Corollary 4.9. If every Ehresmann semigroup (S, E) satisfies one of (HR) or (HL), then every Ehresmann semigroup (S, E) is weakly Ehedged.

Proof Suppose that C_E satisfies (HR). By Proposition 4.6, for any (α, β) ∈ C_E we have that α is an endomorphism. Now if (α, β) ∈ C_E, then, by an earlier remark, (β, α) ∈ C_E so that β is also an endomorphism. Consequently, C_E = F_E and the result follows from Corollary 4.4.

5. The route from T_E to C_E

As remarked in the introduction, the pair (S, E(S)) is an Ehresmann semigroup for any inverse semigroup S. Munn’s celebrated result [M] builds a fundamental inverse semigroup T_E from partial isomorphisms of E; if S is inverse then S/μ is isomorphic to a subsemigroup of T_{E(S)}. The founding work of Munn has been generalised in several directions. One way is to drop the condition that the idempotents commute but retain regularity of S. This route has been successfully trodden by Hall and Nambooripad [Ha1],[Ha2],[N].

Another direction, and the one we follow, is to retain commutativity of the idempotents, but loosen the regularity condition. This was first achieved by Fountain in [F1], where he considers adequate semigroups; more particularly, a special class of adequate semigroups called in [F1] type A (latterly, ample). Adequate semigroups may be arrived at via the relations L^∗ and R^∗, where elements a, b of a semigroup S are L^∗-related (R^∗-related) in S if they are L-related (R-related) in an oversemigroup of S. For any semigroup S we have L ⊆ L^∗ ⊆ ~L_E and R ⊆ R^∗ ⊆ ~R_E for any subsemilattice E of S. If S is regular, then L = L^∗ = ~L and R = R^∗ = ~R, but in general these relations are distinct. The

FUNDAMENTAL EHRESMANN SEMIGROUPS 11

easiest way to see this is to consider a unipotent monoid S, that is, a monoid whose only idempotent is the identity. Clearly, ~L is universal, but unless S is left cancellative, L^∗ is not universal, and unless S is a group, L is not universal.

Let E be a semilattice. A semigroup S is E-adequate if E is a subsemilattice of S and every L^∗-class and every R^∗-class of S contains a (unique) idempotent of E. It is easy to see that the relations L^∗ and R^∗ are right and left congruences respectively. Further, if S is Eadequate then L^∗ = ~L_E and R^∗ = ~R_E . Thus if S is E-adequate it is E-semiadequate, indeed (S, E) is Ehresmann. The ample condition is essentially a weak commutativity condition on idempotents. An Eadequate semigroup S is called ample (formerly, type A), if the ample condition (AR) for all e ∈ E, a ∈ S, ea = a(ea)^∗ and its dual (AL) hold. We remark that if S is ample for a set of idempotents E, then E = E(S), so that no ambiguity arises from the terminology. An Ehresmann semigroup (S, E) satisfying the ample condition is called weakly E-ample; in this case E need not be equal to E(S). Any inverse semigroup is ample, as is any cancellative monoid, indeed any semilattice of cancellative monoids [F1]. Semilattices of unipotent monoids need not be ample but are weakly ample [GG].

Adequate semigroups are a natural generalisation of inverse semigroups and an extensive theory has been built up around them. However, the obvious question ‘is there a T_E theorem for adequate semigroups?’ runs into problems before it is even asked. The difficulty is, that S can be adequate without S/μ being adequate or even E(S)μ-adequate [F1, Example 2.4]; naturally, in a representation theorem one wants S and the image of S to have the same defining properties. The insight of Fountain in [F1] was in spotting that if S is adequate and satisfies the ample conditions, then S/μ is adequate, satisfies the ample conditions and moreover is isomorphic to a subsemigroup of T_E. Thus the ample condition negotiates two problems. First, it ensures that S/μ is adequate, and second, S/μ is represented by partial isomorphisms of E. An E-adequate semigroup satisfying the hedged conditions (see Section 4) is said to be E-hedged. From Proposition 3.5 of [FGG], the Schützenberger product of two cancellative monoids is hedged. We remark also that the free left ample monoid [F2, G] on a set with at least two generators is not ample but is hedged. In this terminology and with trivial adjustments, part (3) of Lemma 2.1 of [F1] says that an ample semigroup is hedged. The hedged condition ensures that α_a

12 GRACINDA M.S. GOMES AND VICTORIA GOULD

and β_a are endomophisms, but attempts to move away from representations of ample semigroups by partial isomorphisms of E to representations of E-hedged semigroups by (partial) endomorphisms of E^1 proved fruitless. This was because, as pointed out above, S/μ need not be E(S)μ-adequate if S is not ample. In fact Example 2.4 of [F1] is a hedged semigroup S such that S/μ is not E(S)μ-adequate.

Switching perspective, it is certainly true that for any E-hedged semigroup S, the quotient S/μ_E is weakly Eμ_E-hedged; indeed if S is weakly E-hedged then S/μ_E is weakly Eμ_E -hedged. This gave rise to our study in [FGG] of fundamental weakly E-hedged semigroups and the discovery of F_E . The loss in exchanging L^∗ and R^∗ for ~L and ~R is counterbalanced by the gain in that the congruence and hedged conditions are preserved by quotienting with μ.

As in the adequate case, it is easy to see that a weakly E-ample semigroup is weakly E-hedged. Fountain and El-Qallali [EF] have shown that if S is weakly E-ample then S/μ_E is isomorphic to a full subsemigroup of T_E . In [FGG] we showed that there is an embedding from T_E to F_E which respects the natural image of E and the representation theorems mentioned above.

The aim of this paper is to push Munn’s representation theory as far as it will go in this direction. Given that weakly E-hedged semigroups are manageable in this regard, the next natural step is to look at Esemiadequate semigroups. These must, however, be Ehresmann for the theory to work (without resorting to extra quotienting procedures) since if the congruence condition does not hold, the map θ_E will not be a homomorphism.

6. The semigroups F_E and C_E

In this final section we describe explicitly the semigroups F_E and C_E for some small semilattices E. Our calculations will show that if E has less than four elements, then F_E = C_E but, in general, F_E and C_E are distinct. Curiously, one can find a four element semilattice E such that O_1(E^1) and F_E are both be regular but C_E is not. We use these results to extract some information concerning Ehresmann semigroups (S, E). It is worth recalling that a pair of functions (α, β) is in F_E (respectively C_E ) if and only if (β, α) is in F_E (respectively C_E ). Attention needs to be paid to whether E has an identity or not: if E has a 1 then E = E^1 so that, for example, the identity function in E lies in End_1E^1. If E does not have an identity so that E ≠ E^1, then the latter statement is not true.

FUNDAMENTAL EHRESMANN SEMIGROUPS 13

For any e ∈ E, ρ_e : E^1 → E denotes multiplication by e and c_e : E^1 → E is the constant map on e. Notice that ρ_e and c_e are endomorphisms. The first lemma of this section is straightforward. Lemma 6.1. For any e, f ∈ E, ρ_e ≤ c_f if and only if e ≤ f.

In view of Corollary 4.3, as ρ_e and c_e are endomorphisms, the pair (α, β) is in F_E if and only if it is in C_E, for any α, β ∈ {ρ_e, c_e : e ∈ E}. Lemma 6.2. For any e, f ∈ E,

(1) (ρ_e, ρ_f ) ∈ F_E if and only if e = f; (2) (ρ_e, c_f ) ∈ F_E if and only if e ≤ f; (3) (c_e, c_f ) ∈ F_E for any e, f ∈ E.

Proof (1) If e = f then (ρ_e, ρ_f ) = e ∈ F_E by Corollary 4.3.

Conversely, if (ρ_e, ρ_f ) ∈ F_E then ρ_{1ρe} ≤ ρ_f ρ_e and ρ_{1ρf} ≤ ρ_eρ_f giving that ρ_e ≤ ρ_{fe} and ρ_f ≤ ρ_{ef} . As e → ρ_e is an embedding of E into End_1E^1, it follows that e = fe = ef = f. (2) By Lemma 6.1, ρ_{1cf} = ρ_f ≤ c_f = ρ_ec_f for any e, f ∈ E. Thus (ρ_e, c_f ) ∈ F_E if and only if ρ_e = ρ_{1ρe} ≤ c_f ρ_e = c_{fe}.

Again by Lemma 6.1, this is equivalent to e ≤ fe and hence to e ≤ f.

(3) Notice simply that ρ_{1ce} = ρ_e ≤ c_e = c_f c_e by Lemma 6.1.

In our investigation of F_E and C_E for specific semilattices E, we remark first that if E = {e} is trivial, then O_1(E^1) = End_1E^1 is also trivial, hence so is F_E = C_E .

Corollary 6.3. If E is non-trivial then F_E and C_E are neither weakly E-ample nor E-adequate.

Proof Given that E is non-trivial, there exist e, f ∈ E with f < e. By Lemma 4.2, (c_f , c_e) ∈ F_E and f = (ρ_f , ρ_f ) ∈ E ⊆ F_E . Now f(c_f , c_e) = (ρ_f , ρ_f )(c_f , c_e) = (c_f , c_f )

14 GRACINDA M.S. GOMES AND VICTORIA GOULD

and so by Proposition 3.2,

(c_f , c_e)(f(c_f , c_e))^∗ = (c_f , c_e)(ρ_{1cf} , ρ_{1cf} ) = (c_f , c_e)(ρ_f , ρ_f ) = (c_f , c_e) so that (c_f , c_e)(f(c_f , c_e))^∗ ≠ f(c_f , c_e) and (AR) does not hold. Thus F_E is not weakly E-ample. According to Lemma 6.1 of [FGG], neither then is C_E.

Still with f < e, we have (c_e, c_f ), (c_e, c_e), e = (ρ_e, ρ_e) ∈ F_E and (c_e, c_f )(ρ_e, ρ_e) = (c_e, c_f ) = (c_e, c_f )(c_e, c_e).

From Proposition 3.2, (c_e, c_f )^∗ = (ρ_e, ρ_e) but

(ρ_e, ρ_e)(ρ_e, ρ_e) = (ρ_e, ρ_e) ≠ (c_e, c_e) = (ρ_e, ρ_e)(c_e, c_e).

Thus (c_e, c_f ) is not L^∗-related to (c_e, c_f )^∗ so that F_E is not E-adequate. By the definition of L^∗, it follows that C_E is not E-adequate.

Our next lemma is again concerned with constant maps. Lemma 6.4. Let E be finite with least element 0. Then (1) (c_0, α) ∈ C_E if and only if α is constant; (2) if E = E^1, then (c_1, α) ∈ C_E for all α ∈ O_1(E^1).

Proof (1) Using Lemma 4.2, we have (c_0, α) ∈ C_E if and only if ρ_{1c0} ≤ αc_0 and ρ_{xα} ≤ c_0ρ_xα for all x ∈ E^1. Now ρ_{1c0} = ρ_0 = c_0 = αc_0 always. Thus (c_0, α) ∈ C_E if and only if ρ_{xα} ≤ c_0ρ_xα = c_{0α} for all x ∈ E^1. Using Lemma 6.1, this is equivalent to xα = 0α for all x ∈ E^1, that is, α is constant.

(2) If E = E^1, then certainly ρ_{1c1} = ρ_1 ≤ c_1 = αc_1 for any α ∈ O_1(E^1). Further, for any x ∈ E, c_1ρ_xα = c_xα = c_{xα} ≥ ρ_{xα} by Lemma 6.1. Thus (c_1, α) ∈ C_E.

An order preserving function α : E → E is order increasing if x ≤ xα for all x ∈ E. Clearly α is order increasing if and only if I ≤ α, where I is the identity map on E.

FUNDAMENTAL EHRESMANN SEMIGROUPS 15

Lemma 6.5. Let E be finite and let α, β ∈ O_1(E^1). Then (1) ρ_{0α} ≤ βρ_0α;

(2) if E = E^1 and 1α = 1 then

ρ_{1α} ≤ βα if and only if βα is order increasing;

(3) if E = E^1, (α, β) ∈ C_E and xα = 1 if and only if x = 1, then 1β = 1so that αβ and βα are both order increasing;

(4) if E = E^1 and α ∈ End_1 E^1, then (α, I) ∈ F_E if and only if α is order increasing. Proof (1) We have βρ_0α = βc_0α = c_{0α} ≥ ρ_{0α} by Lemma 6.1.

(2) Remark that if 1α = 1, then ρ_{1α} = ρ_1 = I.

(3) Given that (α, β) ∈ C_E we have by (2) that I ≤ βα. Thus 1 = 1I = (1β)α ≤ 1 so that 1 = (1β)α and then 1β = 1.

(4) If (α, I) ∈ F_E , then by (3) α is order increasing. Conversely, if α is order increasing, then 1α = 1 so that ρ_{1α} ≤ Iα and ρ_{1I} ≤ αI so that (α, I) ∈ F_E as required.

We now consider the semigroups F_E where E is a chain with 2 or 3 elements. As E is a finite chain, E = E^1 and O_1(E^1) = End_1 E^1, so that from Corollary 4.3, F_E = C_E in these cases. Example 6.6. Let E be the chain

0 1

Clearly End_1 E^1 = {I, c_1, c_0} and E = {(I, I), (c_0, c_0)}. The pairs (I, c_1), (c_1, I), (c_1, c_1), (c_1, c_0) and (c_0, c_1) are in F_E by Lemma 6.4. The remaining two pairs (I, c_0) and (c_0, I) are not in F_E , by the same lemma. Thus

F_E = {(I, I), (I, c_1), (c_1, I), (c_1, c_1), (c_1, c_0), (c_0, c_1), (c_0, c_0)}

16 GRACINDA M.S. GOMES AND VICTORIA GOULD

and so F_E is a 7 element band. It is not a semilattice as (c_0, c_0) and (c_1, c_1) do not commute.

Example 6.7. Let E be the chain

0 a 1

We first list all endomorphisms of E. It is easy to see that they are I, c_0, c_1, c_a, ρ_a, and (

1 a 0 1 1 a ) , ( 1 a 0 1 1 0 ) , ( 1 a 0 1 a a ) , ( 1 a 0 1 0 0 ) , ( 1 a 0 a 0 0 ) . We use the technical results developed above to find which pairs (α, β) where α = β or α precedes β in the list above are in F_E.

By (4) of Lemma 6.5, we have that (I, I), (I, c_1), (I, ( 1 a 0 1 1 a ) ), (I, ( 1 a 0 1 1 0 ) ) and (I, ( 1 a 0 1 a a ) ) are in F_E .

Considering c_0, by (1) of Lemma 6.4, (c_0, c_0), (c_0, c_1) and (c_0, c_a) are in F_E . By (2) of that lemma (c_1, c_1) and (c_1, α) are in F_E for the seven functions α succeeding c_1.

Considering now c_a, (c_a, α) ∈ F_E if and only if ρ_{1ca} ≤ αc_a and ρ_{1α} ≤ c_aα. Thus (c_a, α) ∈ F_E is equivalent to ρ_a ≤ c_a and ρ_{1α} ≤ c_{aα} and hence by Lemma 6.1, to 1α = aα. Thus (c_a, c_a), (c_a, ρ_a), (c_a, ( 1 a 0 1 1 a ) ), (c_a, ( 1 a 0 1 1 0 ) )

FUNDAMENTAL EHRESMANN SEMIGROUPS 17

are in F_E .

The pairs (ρ_a, α) require slightly more thought. If (ρ_a, α) ∈ F_E then from the defining condition of F_E one deduces that a ≤ aα = 1α and so the possibilities for α are ρ_a, ( 1 a 0 1 1 a ) , ( 1 a 0 1 1 0 ) . We know that a = (ρ_a, ρ_a) ∈ F_E . A hands on check gives that (ρ_a, ( 1 a 0 1 1 a ) ), (ρ_a, ( 1 a 0 1 1 0 ) ) ∈ F_E . The remaining cases are speedily dealt with by direct calculation.

We find ( ( 1 a 0 1 1 a ) , ( 1 a 0 1 1 a ) ), ( ( 1 a 0 1 1 a ) , ( 1 a 0 1 1 0 ) ), ( ( 1 a 0 1 1 a ) , ( 1 a 0 1 a a ) )

( ( 1 a 0 1 1 a ) , ( 1 a 0 1 0 0 ) ) and ( ( 1 a 0 1 1 a ) , ( 1 a 0 a 0 0 ) ) are in F_E ; ( ( 1 a 0 1 1 0 ) , ( 1 a 0 1 1 0 ) ) and ( ( 1 a 0 1 1 0 ) , ( 1 a 0 1 a a ) ) are in F_E ; finally, ( ( 1 a 0 1 a a ) , ( 1 a 0 1 a a ) ) is in F_E.

Counting the above elements (and remembering to count twice a pair (α, β) where α ≠ β, we have shown that F_E has 54 elements. From [AG1] we know that End_1 E^1 = O_1(E^1) is regular and hence so is End_1 E^1 × End^∗_1 E^1. The condition that a pair (α, β) be in F_E is that in some sense α and β be weak inverses of each other. However some peculiar behaviour arises at this point. The semigroup F_E is not regular.

We know that (I, ( 1 a 0 1 1 a ) ) is in F_E . If F_E were regular, there

would be a pair (I, α) in F_E with ( 1 a 0 1 1 a ) α ( 1 a 0 1 1 a ) = ( 1 a 0 1 1 a ) . This would necessitate aα = 0 so that also 0α = 0. But no such pair (I, α) lies in F_E.

18 GRACINDA M.S. GOMES AND VICTORIA GOULD

Notice also that ( 1 a 0 1 1 a ) is not an inverse of I. On the other

hand, if α = ( 1 a 0 1 0 0 ) , then α is idempotent, so that α is an inverse

of α. Nevertheless, (α, α) /∈ F_E.

The semilattices in our final two examples are not chains. In enumerating the possible order preserving maps α : E^1 → E it is useful to remember that if E is finite with least element 0, 1α is the greatest and 0α the least element of the image of α.

Lemma 6.8. Let E be the four element semilattice

0 e f 1

If α ∈ O_1(E^1), then α is an endomorphism if and only if (ef)α = eαfα. Example 6.9. Let E be the semilattice

0 e f

As remarked before Lemma 6.8, if α ∈ O_1(E^1), then the image of α must have a greatest and a least element. As the image of α is contained in E, α is constant or the image of α is {e, 0} or {f, 0}. It follows that the elements of O_1(E^1) are c_0, c_e, c_f , ρ_e, ρ_f , c^e_0, c^f_0 , α, β, γ and δ

FUNDAMENTAL EHRESMANN SEMIGROUPS 19

where

c^e_0 = ( 1 e f 0 e 0 0 0 ) , c^f_0 = ( 1 e f 0 f 0 0 0 )

α = ( 1 e f 0 e e e 0 ) , β = ( 1 e f 0 e 0 e 0 )

γ = ( 1 e f 0 f f 0 0 ) , δ = ( 1 e f 0 f f f 0 ) . According to Lemma 6.8, the only elements of O_1(E^1) that are not endomorphisms are α and δ. We show that (α, ϵ) /∈ C_E for any ϵ ∈ O_1(E^1).

Suppose that (α, ϵ) ∈ C_E for some ϵ ∈ O_1(E^1). By the defining condition for C_E, ρ_e = ρ_{fα} ≤ ϵρ_f α and ρ_e = ρ_{eα} ≤ ϵρ_eα. Thus e = eρ_e ≤ (eϵ f)α so that eϵ = f, and e = eρ_e ≤ (eϵ e)α so that eϵ = e, a contradiction.

Similarly, there is no pair (δ, ϵ) in C_E.

Corollary 6.10. For the semilattice

0 e f

C_E = F_E and so by Corollary 4.4, every Ehresmann semigroup (S, E) is weakly E-hedged.

Returning now to Example 6.9, calculations of a now familiar nature give that

(c_0, c_0), (c_e, c_e), (c_f , c_f ), (ρ_e, ρ_e), (ρ_f , ρ_f )

are all elements of C_E = F_E as are

(c_0, c_e), (c_0, c_f ), (c_e, c_f ), (c_e, ρ_e), (c_e, γ), (c_f , ρ_f ), (c_f , β), (β, γ)

and all the pairs (ϵ, η) where (η, ϵ) is in the previous list. Thus C_E = F_E has 21 elements.

20 GRACINDA M.S. GOMES AND VICTORIA GOULD

Concerning regularity, a curious fact emerges. The semigroup O_1(E^1) is not regular, since, for example, the element c^e_0 is not regular. Nevertheless, C_E is regular, as we now show. On the other hand in our next example, O_1(E^1) is regular but C_E is not.

The non-idempotent elements of F_E are (c_e, γ), (γ, c_e), (c_f , β), (β, c_f )(β, γ) and (γ, β). It is easy to check that β and γ are mutually inverse so that (β, γ) and (γ, β), (c_e, γ) and (c_f , β), and (γ, c_e) and (β, c_f ) are mutually inverse pairs. Thus C_E = F_E is regular.

Example 6.11. Let E be the semilattice

0 e f 1

In this case, C_E ≠ F_E and C_E is not regular. The elements of C_E may be determined as in previous examples. The procedure is now more lengthy, since it emerges that C_E has 183 elements, of which 108 lie in F_E .

To see that C_E is not regular, check first that the pair (α, β) ∈ C_E where α = ( 1 e f 0 1 1 e 0 ) and β = ( 1 e f 0 1 1 1 f ) . Suppose that (γ, δ) ∈ C_E and (α, β)(γ, δ)(α, β) = (α, β). Then αγα = α and βδβ = β. These give

0 = 0α = 0αγα = 0γα

so that 0γ = 0. Similarly, eγ = f. Now

1 = 1α = 1αγα = 1γα

FUNDAMENTAL EHRESMANN SEMIGROUPS 21

so that 1γ = 1 or e. But f = eγ ≤ 1γ so that 1γ = 1. From βδβ = β we obtain fδ = 0. By assumption, (γ, δ) ∈ C_E so that ρ_{1γ} ≤ δγ and f = fρ_{1γ} ≤ fδγ = 0γ = 0, a contradiction. Thus C_E is not regular.

Notice that the pair (α, β) above does not lie in F_E . In fact, F_E is regular.

To show that there are semilattices E with F_E not regular, we look to the work of Adams and M. Gould for examples of semilattices with identity having non-regular endomorphism monoids. In [AG1] they show that for any finite chain E, End_1 E^1 is regular. In Lemma 1 of [AG1] they characterise those infinite chains having non-regular endomorpism monoid. Their technique can be adapted to find a chain with identity having a non-regular endomorphism monoid.

Another paper of Adams and M. Gould [AG2] describes those finite semilattices having non-regular endomorphism monoids. The free semilattice monoid on three generators is one such.

For any semilattice monoid E such that End_1 E^1 is not regular, choose a non-regular map α ∈ End_1 E^1. By Lemma 6.4, (α, c_1) ∈ F_E and (α, c_1) cannot be regular. Thus F_E is not regular.

According to Corollary 4.5, if we wish to find an Ehresmann semigroup that is not weakly E-hedged, the semilattice E must contain at least four elements. Considering Example 6.11, the pair (α, α) where α = ( 1 e f 0 1 1 1 0 )

is in C_E so that by Lemma 3.3, the subsemigroup S = ⟨{(α, α)} ∪ E⟩ of C_E is Ehresmann. However, as α is not an endomorphism, Proposition 4.6 gives that S is not weakly E-hedged. It is easy to calculate that S has 11 elements.

Similarly, to find small non-regular fundamental Ehresmann semigroups or weakly E-hedged semigroups, it is enough to consider the subsemigroup of C_E or F_E generated by E ∪ {(α, β)} for any non-regular pair (α, β), and call on Lemma 6.1 of [FGG].

References

[AG1] M.E. Adams and M. Gould, ‘Posets whose monoids of order-preserving maps are regular’, Order 6 (1990), 195-201.

[AG2] M.E. Adams and M. Gould, ‘Finite semilattices whose monoids of endomorphisms are regular’, Trans. American Math. Soc. 332 (1992), 647–665.

22 GRACINDA M.S. GOMES AND VICTORIA GOULD

[EH] C. Ehresmann, ‘Oevres complètes et commentées’ (A.C. Ehresmann, Ed.)

Suppl. Cahiers Top. Géom. Diff. Amiens, (1980-1984).

[EF] A. El-Qallali and J. Fountain, ‘Fundamental representations of semiadbundant semigroups’, in preparation.

[F1] J. Fountain, ‘Adequate semigroups’, Proc. Edinburgh Math. Soc. 22 (1979), 113-125.

[F2] J. Fountain, ‘Free right type A semigroups’, Glasgow Math. J. 33 (1991), 135-148.

[FGG] J. Fountain, G.M.S. Gomes and V. Gould, ‘ A Munn type representation for a class of E-semiadequate semigroups’, J. Algebra 218 (1999), 693-714.

[GG] G.M.S. Gomes and V.Gould, ‘Graph expansions of unipotent monoids’, Comm. Algebra, to appear.

[G] V. Gould, ‘Graph expansions of right cancellative monoids’, Int. J. Algebra Comp., 6 (1996) 713–733.

[Ha1] T.E. Hall, ‘Orthodox semigroups’, Pacific J. Math. 39 (1971), 677-686. [Ha2] T.E. Hall, ‘On regular semigroups’, J. Algebra 24 (1973), 1-24. [L] M.V. Lawson, ‘Semigroups and ordered categories I. The reduced case’, J.

Algebra 141 (1991), 422-462.

[M] W.D. Munn, ‘Fundamental inverse semigroups’, Quart. J. Math, Oxford 21 (1970), 157-170.

[N] K.S.S. Nambooripad, ‘Structure of regular semigroups I’, Mem. American Math. Soc. 22 (1979), No. 224.

Centro de Álgebra da Universidade de Lisboa, Avenida Prof Gama Pinto, 2, 1649-003 Lisboa, PORTUGAL, and Departamento de Mathématica, Faculdade de Ciências, Universidade de Lisboa, 1746–016 Lisboa, POR- TUGAL

E-mail address: ggomes@alf1.cc.fc.ul.pt

Department of Mathematics, University of York, Heslington, York YO1 5DD, UK

E-mail address: varg1@york.ac.uk