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Any questions?

Given a semigroup S:

» What is rank(S) = min {|A|: AC S, S =(A)}?

v

Is S idempotent-generated?

v

If so, what is idrank(S) = min {|A| : AC E(S), S =(A)}?
— Does idrank(S) = rank(S)?

v

If not, what is E(S) = (E(S))?
— What is rank(E(S))? idrank(E(S))? Are these equal?

» Can we enumerate minimal (idempotent) generating sets?

v

Ditto for the ideals of S?
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Transformation semigroups

Full transformation semigroup

> Let 7, be the set of all transformations of n = {1,...,n}.

» 7T, is the full transformation semigroup of degree n.
» 7T, contains the symmetric group S,.

> Any finite group G embeds in S/g|.

v

Any finite semigroup S embeds in 7[s|41.

» For f € T, and x € n, write xf instead of f(x).

v

For f,g € Tp, write fg = f o g (do f first).
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Transformation semigroups

Anatomy of a transformation

For f € T,, define

» im(f) = {xf : x € n} — the image of f,
> ker(f) = {(x,y) : xf = yf} — the kernel of f,
» rank(f) = |im(f)| = |n/ ker(f)| — the rank of f.

For f = \VV}% € Te:

» im(f) ={2,4,6,7,8},
> ker(f)=(1,2,3]4,5[6|7|8),
» rank(f) =5.
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Transformation semigroups
» Same box < equal rank.

» Same column < equal image.

N » Same row < equal kernel.

v

Same cell < equal image and kernel.

v

A cell with a rank r idempotent (f = f2) is a
subgroup isomorphic to S,.

v

f € Ty is idempotent < f|in(r) = idim(f).-

3222 A f= \/ W € Tg is idempotent.
R E(T,)={f€T:f=F?}
E(To) => -1 (O)rm.
T E(To)l =272 ()
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Transformation semigroups

» D, = D,(T,) ={f € Tp: rank(f) = r}.

1
3 > I, = 1,(T,) = {f € Tp: rank(f) < r}.
- » D, =3S,. > I, =Th. > o1 =Ta\ Sh.
o Theorem (Howie and others, 1966-)
""""" SEBE » 7o\ S, is idempotent-generated.
nBEBER > rank(7,\ Sn) = (5) = @ = idrank(7, \ Sp).
o [efel o) » L ChC---Cl, are the ideals of Tp,.
EEELTTT w1, =(D))Y=(E(D,)) for 1< r < n.
inono » rank(l,) = S(n,r) = idrank(/,) for 1 < r < n.
Ta

James East 9 Motzkin monoids



Transformation semigroups

Theorem (Howie and McFadden, 1978)

v

Tn \ Sn = (E(Dn—1)>'

E(Dn_l) = {e,-j,ej,- 1<i<j< n}.

w NI o= TTI0H

{minimal idempotent generating sets of 7, \ S}

v

v

v

+» {strongly connected tournaments on n}.

‘ (2)
" o 75\ S5 = €12,€13,€41,€51,€32,
" 5 5 €24,€25,€43,€53,€45

Theorem (Wright, 1970)
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Full linear monoids

Theorem (Gray, 2008)

» M,(FFq) = semigroup of all n x n matrices over Fy.

> Dr = D/(Mp(Fq)) = {A € Mu(Fyg) : rank(A) = r}.

> I = 1(Mp(Fq)) = {Aec My(Fg) : rank(A) < r}.

» I, =(Dy) = (E(D;)) for 0 < r < n.

> rank(/,) = idrank(/;) = [7], for 0 < r < n.

> rank(M(Fq) \ Gn(Fy)) = idrank(M(Fq) \ Ga(Fy)) = Lk
— Erdos, 1967; Dawlings, 1982.
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Green's relations

For a semigroup S:
» xZ#y < xSt = ySt » x. Ly e Slx=Sly

»x Jy& SixSt = Styst

s H=RNL > 9=V L = 7 if S finite

Eggbox diagram:
> P-related elements in same box
> Z-related elements in same row
> Z-related elements in same column

» 7/-related elements in same cell
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Green's relations — 7,

> f '@ g = ker(f) = ker(g)

s e o
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Green's relations — 7,
» f R g & ker(f) = ker(g)
» f L g < im(f) = im(g)

- » 9 g < rank(f) = rank(g)
Z - | » group 7 -classes are isomorphic to S,
e » P-classes are D, = {f € T, : rank(f) = r}
e 7272 » D, contains () Z-classes
e » D, contains S(n, r) Z-classes
i o z: > |D| = (7)S(n, r)r!
N A v oY
> " =" (M)S(n, r)r!
4
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Green's relations — M ,(Fy)
» AZ B < Col(A) = Col(B)

,,,,,,,, | » AZ B < Row(A) = Row(B)

- » AZ B % rank(A) = rank(B)

13 : : j : » group #-classes are isomorphic to GL(r,Fq)

e B[ F > D-classes are D, = {A € M,(F) : rank(A) = r}

IR EEE > D, contains [], .Z-classes (and Z-classes)

OEEDDN| &) ,
1111% >q _Zr 0[ ]2 (q_l)[r]ql

incan
ﬁ For T, and M,(Fy), rank(/,) = idrank(/,) is equal to
""" the maximum of the number of #Z- or .Z-classes in D;,.

M;3(F2)
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Partition monoids

» Letn={1,...,n}and 0 ={1',... n'}.
» The partition monoid on n is
Pn = {set partitions of nUn’}

= {(equiv. classes of) graphs on vertex set nUn'}.

> Eg: a=
{{1, 3,4'1{1,3,4'},{2,4}{2,4},{5,6,1,6'}{5.6.1".6'},{2,3'}{2,
Ps
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Partition monoids — product in P,
Let o, 8 € P,. To calculate af:
(1) connect bottom of « to top of S,
(2) remove middle vertices and floating components,

(3) smooth out resulting graph to obtain af.

B{%;ﬁiﬁi%}aﬂ

The operation is associative, so P, is a semigroup (monoid, etc).
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Partition monoids — submonoids of P,

» B, ={a € P, : blocks of o have size 2} — Brauer monoid
» TL, ={a € B, : ais planar} — Temperley-Lieb monoid

» PB, = {a € P, : blocks of o have size < 2}
— partial Brauer monoid

» M, ={a € PB,: «ais planar} — Motzkin monoid
S EE Qg:-u
€ Bg € PBg
o LIC IR B IR I
B YN ee s p ey
L
e e
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Green's relations

— diagram monoids

o ‘D o

i ‘
\
\
‘D []
| |
Pa PBa Mgy Ba TLs
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Green's relations — diagram monoids
For v € P,:

» dom(a) = {i € n: the a-block of i intersects n'}

v

ker(a) = {(i,J) : i and j belong to the same a-block}

v

codom(a) = {i € n: the a-block of /" intersects n}

v

coker(a) = {(/,j) : i’ and j' belong to the same a-block}

v

rank(a) = number of transversal a-blocks

For o = L;VI,‘:\L%\: € Pg:
(R .

» dom(a) ={1,2,3,5} » codom(a) = {3,4,7}

> ker(a) =(1,2,3[4,7)  » coker(a)=(1,2|3,4]6,8)
» rank(a) =2
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Green's relations — P,

=]

Pa

>

v

v

v

a 9 B < rank(a) = rank(p)

a%ﬁ@{
ai”ﬁ@{

dom(a) = dom(B) and
ker(a) = ker(3)

codom(«) = codom() and
coker(a) = coker(3)

Group 7-classes are isomorphic to S,

€ Ps
. [
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Green's relations — B,

[]

» a 2 [ & rank(a) = rank(3)
aZ B < ker(a) = ker(3)

v

v

a ¥ B < coker(a) = coker(3)

v

Group 7 -classes are isomorphic to S,

v

Ranks are restricted to n,n—2,n—4,...

e Bg

Ba
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Green's relations — TL,

TL4

» a 2 [ & rank(a) = rank(3)
aZ B < ker(a) = ker(3)

v

v

a ¥ B < coker(a) = coker(3)

v

Group J#-classes are trivial

v

Ranks are restricted to n,n—2,n—4,...

e

James East
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Green's relations — P,

]

i

PBa

>

v

v

v

a 9 B < rank(a) = rank(p)

dom(a) = dom(B) and
a%p e {ker(a) — ker(8)

NPT IR {codom(a) = codom(3) and
coker(a) = coker(3)

Group 7-classes are isomorphic to S,

o o
\ € PBsg
L) o0
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Green's relations — M,

= » a 7 5 < rank(a) = rank(B)
\

NPT PN {dom(a) =dom() and
\ ker(a) = ker(3)

codom(«) = codom() and
coker(a) = coker(3)

>a§fﬁ<:>{

» Group 7-classes are trivial

e PP
/ GM@
o0 §o o0

Ma
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Green's relations — TLg—TL11

25



Green's relations — TL15—TL17

N

Thanks to Attila Egri-Nagy for these . ..
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Green'’s relations — P85
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Green's relations — PBs
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Green's relations — M5

James East 29 Motzkin monoids



|dempotent generators — P,

Theorem (E, 2011)

» P, \ Sy is idempotent generated.

» Po\Sn={(ttj:1<r<n 1<i<j<n).

» rank(P, \ S,) = idrank(P, \ S,) = (ngrl) _ n(n2+1).

» Defining relations also given.
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|dempotent generators — P, \ S,

» Minimal (idempotent) generating sets (E and Gray, 2014).

> Ps\ Ss = (t12, t13, tis, toa, 134, tas, ta,

€41, f].47 €23, f237 €35, 657 €52, f:r)2>
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|ldempotent generators — B,

Theorem (Maltcev and Mazorchuk, 2007)

» B, \ S, is idempotent generated.
» Bo\Sp=(uj:1<i<j<n).
1 i Jj n
“““ I IR R
=] [AR] ]
“““ € 6. 6 % ...
> rank(B, \ Sp) = idrank(B, \ Sn) = (5) o
» Defining relations also given.
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|dempotent generators — 5, \ S,

» Minimal (idempotent) generating sets (E and Gray, 2014).
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|ldempotent generators — TL,

Theorem (Borisavljevi¢, Dosen, Petri¢, 2002, etc)

» TL, is idempotent generated.

> Tﬁn = (Ul,. 50 u,,_1).
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Idempotent generators — E(PB,) = (E(PB,))

PBs E(PBs) # PBs \ Ss!
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|dempotent generators — E(PB,) = (E(PB,))

PBs

P

N\

]

[m)

o

[/

E(PBs) # PBs \ S5!
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|dempotent generators — E(PB,) = (E(PB,))
o
\
O O O
N A/

PBs E(PBs) # PBs \ Ss!




|dempotent generators — E(PB,) = (E(PB,))
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|dempotent generators — E(PB,) = (E(PB,))

Theorem (Dolinka, E, Gray, 2015)

E(PBp) ={1}U{t, : 1 <r < n} Ul _»(PBp)

> rank(E(PB,)) = idrank(E(PB,)) = ("51) = 2ol
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Idempotent generators — E(M,,)

il

Ms

E(Ms)

40



|dempotent generators — E(M,) = (E(M,))

?
A X}v
Ms E(Ms)
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|dempotent generators — E(M,) = (E(M,))

» ACnis cosparseif: ien\A = i+1ecA.

Theorem (Dolinka, E, Gray, 2015)

» E(M,) ={1} U{ida : A C n cosparse}

U{a € M, : dom(«) and codom(«) non-cosparse}

> ]E(Mn) = (l’l,. oy tp, U, U1, VL, e, Vn_2>.

5 DO T (S e B
o I D
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Idempotent generators — E(M,) = (E(M,))

il
A,
{41 yv
Ms E(Ms)




ldeals — P,
- Theorem (E and Gray, 2014)

» The ideals of P, are

Ir = 1,(Pn) = {o € Pp:rank(er) < r}

for0 <r<n.

» |, =(D,) = (E(D;)) for 0 < r < n,

where D, = {a € P, : rank(a) = r}.

> rank(l,) = idrank(l;) = 327, S(n,j)(%).

Py
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ldeals — B,

[]

Theorem (E and Gray, 2014)

» The ideals of B, are

Ir = 1,(Bn) = {a € B, : rank(a) < r}

for0<r=n—-2k<n.

» |, = (D;) = (E(Dy)) for 0 < r < n,

where D, = {a € B, : rank(«a) = r}.

» rank(/,) = idrank(/,) =

2“k|r|

Ba
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ldeals — 7L,

TLy

Theorem (E and Gray, 2014)

» The ideals of 7L, are
Iy =1,(TLy) ={a € TL, : rank(ar) < r}
for0<r=n—-2k<n.
» |, = (D;) = (E(Dy)) for 0 < r < n,
where D, = {a € TL,, : rank(a) = r}.
» rank(/,) = idrank(/,) =

1 ()

James East
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ldeals — P15, Theorem (Dolinka, E, Gray, 2015)

]

\
% » The ideals of PB,, are
\

lr = 1,(PB,) = {a € PB, : rank(ar) < r}

for0<r<n.

» I, =(D,UD,_1) for0<r<n

= (D,) iff r=0o0r r=n (mod 2)

> rank(lr) = (,"y) - (n =)+ (7) -a(n = r),

where a(k) = number of involutions of k.

> [, is idempotent-generated iff r < n — 2.

» idrank(/,) = rank(/;) where appropriate.
PBs
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|deals — M, Theorem (Dolinka, E, Gray, 2015)

O

» The ideals of M, are

Ir = 1,(Mp) ={a e M, :rank(a) < r}

for0<r<n.

» I, =(D,UD,_1) for 0 < r < n.

v

rank(l,) = m(n,r) + m'(n,r),

— Motzkin and Riordan numbers.

v

I is idempotent-generated iff r < [5].

rank(E(/,)) = idrank(E(/,)) = rank(/,) for
0<r<n-2.

v

My
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Motzkin triangle — A064189
» m(n, r) = number of Motzkin paths from (0,0) to (n,r)
— stay in 1st quadrant, use steps U(1,1), D(1,—1), F(1,0)
» m(4,0) =9:

» m(0,0) =1, m(n,r) =0 if (n,r) out-of-bounds

» m(n+1,r)=m(n,r—1)4+ m(n,r)+m(n,r+1)
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Motzkin triangle — A064189

e
(a1 )
e
YIHKTHT K
(25 H1H0H7)
XTXT XTI KT X

» m(0,0) =1, m(n,r)=0if (n,r) out-of-bounds

» m(n+1,r)=m(n,r —1)+ m(n,r)+ m(n,r+1)
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Riordan triangle — A097609

» m'(n, r) = number of Motzkin paths from (0, 0) to (n,0) with
r flats at level 0.

» m'(0,0) =1, m'(n,r)=0if (n,r) out-of-bounds

» m(n+1,r)=m'(n,r=1)+m'(n,r+1)+---4+ m'(n,n)

I
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Riordan triangle — A097609

>

m'(n, r) = number of Motzkin paths from (0, 0) to (n,0) with

r flats at level O.

m'(0,0) =1,

m'(n,r) =0 if (n, r) out-of-bounds

m(n+1,r)=m'(n,r—=1)+m'(n,r+1)+---4+ m'(n,n)

I

a“\

]
)
CID
(&)

)
b8
(X

9

3‘
3‘
X

2}
.6.

O
3
5
S

0
g

b¢
5
by
L%

¢

=
©)

Motzkin monoids



Special thanks to the York Maths Dept!
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