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The Craig Interpolation Theorem

Theorem (Craig 1957)

If o and « are sentences of first-order logic such that ¢ + 1,
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The Craig Interpolation Theorem

Theorem (Craig 1957)

If o and «) are sentences of first-order logic such that ¢ -1, then
there exists a sentence x with Rel(x) C Rel(y) NRel(vy)) such that

pkEx and xF .

language of ¢ language of ¢
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“Although | was aware of the mathematical
interest of questions related to elimination
problems in logic, my main aim, initially
unfocused, was to try to use methods and
results from logic to clarify or illuminate a
topic that seems central to empiricist
programs: In epistemology, the relationship
between the external world and sense data;
in philosophy of science, that between
theoretical constructs and observed data.”

William Craig (2008).
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Interpolation in Classical Logic

Theorem (Craig 1957)

If o(x,y) and ¥(y, z) are propositional formulas such that ¢ ¢ ¥,
then there exists a formula x(y) such that ¢ FeL x and x Fer ¥.
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Theorem (Craig 1957)
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Interpolation in Classical Logic

Theorem (Craig 1957)

If o(x,y) and ¥(y, z) are propositional formulas such that ¢ ¢ ¥,
then there exists a formula x(y) such that ¢ FeL x and x Fer ¥.

For example. ..
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Interpolation in Classical Logic

Theorem (Craig 1957)

If o(x,y) and ¥(y, z) are propositional formulas such that ¢ ¢ ¥,
then there exists a formula x(y) such that ¢ FeL x and x Fer ¥.

For example. ..
111
p="(x=Yy)
=y — -z
X="y

011
In fact, for any formula ¥'(y, ),

poreL?d = xteL?
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Uniform Interpolation in Intuitonistic Logic

Theorem (Pitts 1992)

For any formula ¢(x,y) of intuitionistic propositional logic IL, there
exist left and right uniform interpolants, /.e., formulas

¢t(y) and ©F(y),
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Uniform Interpolation in Intuitonistic Logic

Theorem (Pitts 1992)

For any formula ¢(x,y) of intuitionistic propositional logic IL, there
exist left and right uniform interpolants, /.e., formulas

oY) and f(y),
such that for any formula{(y, z),

e(X, V) FLv(@,2) = @) FLv(F.2)
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Theorem (Pitts 1992)

For any formula ¢(x,y) of intuitionistic propositional logic IL, there
exist left and right uniform interpolants, /.e., formulas

ot(y) and oF(y),
such that for any formula{(y, z),
XV FLY(¥,2) = @) FLY(F,.2)
W7, 2) FLe(X,Y) <= 9(F.2) L et@).
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Uniform Interpolation in Intuitonistic Logic

Theorem (Pitts 1992)

For any formula ¢(X,y) of intuitionistic propositional logic IL, there
exist left and right uniform interpolants, i.e., formulas

P(y) and ¢"(y),
such that for any formula ) (y, z),

e(X, V) FLv(@,2) = @) FLv(F.2)
V(7. 2) L e(x,Y) <=  ¥(F,2) L et(d).

Theorem (Ghilardi and Zawadowski 1997)

The first-order theory of Heyting algebras admits a model completion.
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Interpolation and Coherence

Pitts’ (right) uniform interpolation theorem consists of two parts:
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Interpolation and Coherence

Pitts’ (right) uniform interpolation theorem consists of two parts:
Interpolation: for any ¢ (X, ), ¥(y, Z) satisfying

90(77Y) Fi ¢(7a 2)3

there exists x(y) such that

(X, y) Fix(y) and  x(y) i ¥(¥, 2);
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Interpolation and Coherence

Pitts’ (right) uniform interpolation theorem consists of two parts:
Interpolation: for any ¢ (X, ), ¥(y, Z) satisfying

90(77Y) Fi ¢(7a 2)3

there exists x(y) such that
(X, y) b x(y) and  x(¥) b (Y, 2);
Coherence: for any (X, ), there exists ¢ () such that

e, Y)FLe(y) = ©F@) L e).

George Metcalfe (University of Bern) Coherence and Uniform Interpolation March 2018 6/30



This Talk

What does uniform interpolation mean algebraically?
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Equational Consequence

Let V be a variety of algebras for a language £ with at least one
constant,
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Equational Consequence

Let V be a variety of algebras for a language £ with at least one
constant, and let Tm(x) denote the term algebra of £ over a set x.

For any set of £-equations ¥ U {s ~ t} with variables in X, we write

Y=y s~
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Equational Consequence

Let V be a variety of algebras for a language £ with at least one
constant, and let Tm(x) denote the term algebra of £ over a set x.

For any set of £-equations ¥ U {s ~ t} with variables in X, we write
Y=y s~
if for any A € ¥V and homomorphism e: Tm(x) — A,

e(uy=e(v) foralurveX = e(s)=ce(l).
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Equational Consequence

Let V be a variety of algebras for a language £ with at least one
constant, and let Tm(x) denote the term algebra of £ over a set x.

For any set of £-equations ¥ U {s ~ t} with variables in X, we write
YEys~t
if for any A € ¥V and homomorphism e: Tm(x) — A,
e(uy=e(v) foralurveX = e(s)=e(l).

We alsowrite © |-, A if X |=, s~ t foralls~tc A.
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Deductive Interpolation

V admits deductive interpolation if whenever X(x, y) =y e(y, 2),
there exists a set of equations A(y) such that

2(%y) Fv Ay) and  A(y) Fy e(y, 2).
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Deductive Interpolation

V admits deductive interpolation if whenever X(x, y) =y e(y, 2),
there exists a set of equations A(y) such that

2(%y) Fv Ay) and  A(y) Fy e(y, 2).

Equivalently, V admits deductive interpolation if for any set of
equations X(x,y), there exists a set of equations A(y) such that

Z(Y, y) ):V 5(?7 2) — A(?) ):V 5(7’ 2)'
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Congruences

A congruence © on an algebra A is an equivalence relation satisfying
(a1, by),...,{(an,bp) €©® = (x(a1,...,an),*x(by,...,bp)) €©

for every n-ary operation = of A.
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Congruences

A congruence © on an algebra A is an equivalence relation satisfying
(a1, by),...,{(an,bp) €©® = (x(a1,...,an),*x(by,...,bp)) €©
for every n-ary operation = of A.

Note. The congruences of A always form a complete lattice Con A.
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Free Algebras

The free algebra of a variety V over a set of variables X is
F(X) = Tm(x)/©y where sOyt <= VEs~t.

We write t to denote both a term ¢ in Tm(X) and [{] in F(X).
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Equational Consequence Again

For any set of equations ¥ U {s ~ t} with variables in X,

YEpysrt — (st € CgF(;)(Z),

where CgFm(Z) is the congruence on F(x) generated by ¥..
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y)
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y) “lifts” to the maps

i*: ConF(y) - ConF(X,y); ©w— Ce,, ?)(i[@])
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y) “lifts” to the maps
i*: ConF(y) - ConF(x,y); ©w~— Ce,, ?)(i[@])

i—1: Con F(x,y) — ConF(y); Vs ! V]=vn F(?)z.
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Lifting Inclusions

The inclusion map i: F(y) — F(x,y) “lifts” to the maps
i*: ConF(y) - ConF(x,y); ©w~— Ce,, ?)(i[@])
i~': ConF(x,y) — ConF(y); W i W] =WNF(y)>2

Note that the pair (i*,i~') is an adjunction, i.e.,

"O)CV — oci ().
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Deductive Interpolation Again

The following are equivalent:

(1) vV admits deductive interpolation, i.e., for any set of equations
Y (X,y), there exists a set of equations A(y) such that

L Y)Fvely,2) = AY)Fvely,2).
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Deductive Interpolation Again

The following are equivalent:

(1) vV admits deductive interpolation, i.e., for any set of equations
Y (X,y), there exists a set of equations A(y) such that

Z(?vy) ':V 6(?7 E) — A(Y) ':V 5(?7 2)
(2) For any finite sets X, y, z, the following diagram commutes:

1
ConF(X,y) ——— ConF(y)

j*h h/*
ConF(Xx,y,2) — ConF(y,2)
-
where i, j, k, and /| denote inclusion maps between free algebras.
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The Amalgamation Property

B

VY admits the amalgamation property if for any A, By,B5 € V, and
embeddings o1: A—By,00: A— Bo,
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The Amalgamation Property

B,

VY admits the amalgamation property if for any A, By,B5 € V, and
embeddings o1: A — By, 00: A — By, thereexistC e V
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The Amalgamation Property

VY admits the amalgamation property if for any A, By,B5 € V, and
embeddings o1: A — B4, 0o: A — By, there exist C € V and
embeddings 71: By = Cand »: B, — C
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The Amalgamation Property

B,

VY admits the amalgamation property if for any A, By,B5 € V, and
embeddings o1: A — B4, 0o: A — By, there exist C € V and
embeddings 71: By — C and m»: B, — C such that 7101 = m05.
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A Bridge Theorem

Theorem (Pigozzi, Bacsich, Maksimova, Czelakowski,. . .)

A variety with the congruence extension property admits the deductive
interpolation property if and only if it admits the amalgamation property.
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Can we describe uniform interpolation algebraically?
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Deductive Interpolation

V has deductive interpolation if for any set of equations X(x,y),
there exists a set of equations A(y) such that

Z(Y’ Y) ):V 5(?a 2) — A(?) ):V 5(?7 2)'
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Right Uniform Deductive Interpolation

V has right uniform deductive interpolation if for any finite set of
equations (X, Y), there exists a finite set of equations A(y) such that

Z(Y’ Y) ):V 5(?a 2) — A(?) ):V 5(?7 2)'
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Right Uniform Deductive Interpolation

V has right uniform deductive interpolation if for any finite set of
equations (X, Y), there exists a finite set of equations A(y) such that

Z(Y’ Y) ):V 6(?, 2) — A(?) ):V 5(?7 2)'

Equivalently, V has deductive interpolation and for any finite set of
equations X(Xx,y), there exists a finite set of equations A(y) such that

L(XY)Fvely) = AY) Fvel)
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Compact Congruences

The compact (equivalently, finitely generated) congruences of an
algebra A always form a join-semilattice KCon A.
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Compact Congruences

The compact (equivalently, finitely generated) congruences of an
algebra A always form a join-semilattice KCon A.

Recall that the inclusion map i: F(y) — F(x,y) ‘lifts” to the maps
i*: ConF(y) —» ConF(X,y); ©w~— Ce,.. ?)(i[@])

i~': ConF(x,y) = ConF(y); W i "[W]=VnNF(y)>2
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The compact (equivalently, finitely generated) congruences of an
algebra A always form a join-semilattice KCon A.

Recall that the inclusion map i: F(y) — F(x,y) ‘lifts” to the maps
i*: ConF(y) — ConF(Xx,y); ©w~ Ce.x ?)(i[@])
i~': ConF(x,y) = ConF(y); W i "[W]=VnNF(y)>2

The compact lifting of / restricts i* to KCon F(y) — KConF(X,y);
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Compact Congruences

The compact (equivalently, finitely generated) congruences of an
algebra A always form a join-semilattice KCon A.

Recall that the inclusion map i: F(y) — F(x,y) ‘lifts” to the maps
i*: ConF(y) — ConF(Xx,y); ©w~ Ce.x ?)(i[@])
i~': ConF(x,y) = ConF(y); W i "[W]=VnNF(y)>2

The compact lifting of / restricts i* to KCon F(y) — KConF(X,y);
it has a right adjoint if i~ restricts to KCon F(X, y) — KCon F(¥).
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The Missing Ingredient

Theorem (Kowalski and Metcalfe 2017)
The following are equivalent:

(1) For any finite set of equations ¥(x,y), there is a finite set of
equations A(y) such that

XY Evely) = AW Evel)
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The Missing Ingredient

Theorem (Kowalski and Metcalfe 2017)
The following are equivalent:

(1) For any finite set of equations ¥(x,y), there is a finite set of
equations A(y) such that

XY Evely) = AW Evel)

(2) For finite X, y, the compact lifting of F\,(y) — Fy(X,y) has a right
adjoint; that is, ® € KConF(X,y) = ©n F(y)? € KConF(y).
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The Missing Ingredient

Theorem (Kowalski and Metcalfe 2017)
The following are equivalent:

(1) For any finite set of equations ¥(x,y), there is a finite set of
equations A(y) such that

XY Evely) = AW Evel)

(2) For finite X, y, the compact lifting of F\,(y) — Fy(X,y) has a right
adjoint; that is, ® € KConF(X,y) = ©n F(y)? € KConF(y).

(3) V is coherent.
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Coherence

Following Wheeler (1976, 1978), V is coherent if all finitely generated
subalgebras of finitely presented members of V are finitely presented.
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Coherence

Following Wheeler (1976, 1978), V is coherent if all finitely generated
subalgebras of finitely presented members of V are finitely presented.

Examples include any locally finite variety, abelian groups, abelian
¢-groups, MV-algebras, Heyting algebras, diagonalizable algebras. ..
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Coherence

Following Wheeler (1976, 1978), V is coherent if all finitely generated
subalgebras of finitely presented members of V are finitely presented.

Examples include any locally finite variety, abelian groups, abelian
¢-groups, MV-algebras, Heyting algebras, diagonalizable algebras. ..

The variety of groups is not coherent, however, since every finitely
generated recursively presented group embeds into some finitely
presented group (Higman 1961).
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A Useful Lemma

If A €V is finitely presented and isomorphic to F(x)/© for some finite
setx and © € ConF(X), then © is compact.

George Metcalfe (University of Bern) Coherence and Uniform Interpolation March 2018 22/30



Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KCon F(X, y).

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KConF(x,y). Then F(x,y)/© is
finitely presented and, by coherence, so is F(¥)/(© N F(y)?).

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KConF(x,y). Then F(x,y)/© is
finitely presented and, by coherence, so is F(y)/(© N F(¥)?). Hence,
by the useful lemma, © N F(¥)? € KCon F(y).

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KConF(x,y). Then F(x,y)/© is
finitely presented and, by coherence, so is F(y)/(© N F(¥)?). Hence,
by the useful lemma, © N F(¥)? € KCon F(y).

(2) = (3) Consider a finitely presented A € V with a finitely generated
subalgebra B that is not finitely presented.

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KConF(x,y). Then F(x,y)/© is
finitely presented and, by coherence, so is F(y)/(© N F(y)?). Hence,
by the useful lemma, © N F(¥)? € KCon F(y).

(2) = (8) Consider a finitely presented A € V with a finitely generated
subalgebra B that is not finitely presented. Let x, y be finite sets of
generators of A, B, and construct a new presentation F(x,y)/© of A
with © € KConF(X,y).

V.
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Proof Sketch

The following are equivalent:
(2) For finitex, y: © € KConF(x,y) = ©n F(y)? € KConF(y).
(8) V is coherent.

(8) = (2) Consider finite x, y and © € KConF(x,y). Then F(x,y)/© is
finitely presented and, by coherence, so is F(y)/(© N F(y)?). Hence,
by the useful lemma, © N F(¥)? € KCon F(y).

(2) = (8) Consider a finitely presented A € V with a finitely generated
subalgebra B that is not finitely presented. Let x, y be finite sets of
generators of A, B, and construct a new presentation F(x,y)/© of A
with © € KConF(X,¥). But © N F(¥)? ¢ KCon F(y), since otherwise
F(¥)/(© N F(¥)?) would be a finite presentation of B. O

V.
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Another Bridge Theorem

Theorem (Kowalski and Metcalfe 2017)

A variety with the congruence extension property admits the right
uniform deductive interpolation property if and only if it is coherent
and admits the amalgamation property.
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A Failure of Coherence

A modal algebra consists of a Boolean algebra equipped with a unary
operation O satisfying O(x A y) = Ox AQy and OT ~ T.
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A Failure of Coherence

A modal algebra consists of a Boolean algebra equipped with a unary
operation O satisfying O(x A y) = Ox AQy and OT ~ T.

Theorem (Kowalski and Metcalfe 2017)

The variety K of modal algebras is not coherent, and hence does not
admit uniform deductive interpolation.

George Metcalfe (University of Bern) Coherence and Uniform Interpolation March 2018 25/30



A Failure of Coherence

A modal algebra consists of a Boolean algebra equipped with a unary
operation O satisfying O(x A y) = Ox AQy and OT ~ T.

Theorem (Kowalski and Metcalfe 2017)

The variety K of modal algebras is not coherent, and hence does not
admit uniform deductive interpolation.

Note that K does admit a uniform “implicative” interpolation property
(Ghilardi 1995, Visser 1996, Bilkova 2007).
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Proof Sketch

Let mx = Ox A x, and define

Y={y<x,x<zx~@Ex} and A={y<mFz|keN}.

George Metcalfe (University of Bern) Coherence and Uniform Interpolation March 2018 26 /30



Proof Sketch

Let mx = Ox A x, and define
Y={y<x,x<zx~@Ex} and A={y<mFz|keN}.

Claim. ¥ Exe(y,z) < Ak ely, 2).
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Proof Sketch

Let mx = Ox A x, and define

Y={y<x,x<zx~@Ex} and A={y<mFz|keN}.
Claim. ¥ Exe(y,z) < Ak ely, 2).
It follows that if K were coherent, then A’ = A for some finite A’ C A,
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Proof Sketch

Let mx = Ox A x, and define
Y={y<x,x<zx~@Ex} and A={y<mFz|keN}.

Claim. ¥ Exe(y,z) < Ak ely, 2).

It follows that if K were coherent, then A’ = A for some finite A’ C A,
and from this that K |= @"z ~ @'z for some n € N, a contradiction.
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Proof Sketch

Let mx = Ox A x, and define
Y={y<x,x<zx~@Ex} and A={y<mFz|keN}.

Claim. ¥ Exe(y,z) < Ak ely, 2).
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Then also X C ker(e), and hence X [~k (y, 2). O
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LetV be a coherent variety of algebras with a meet-semilattice reduct
and a definable term operation t(x) satisfying

VEWX)<x and VEx<y = tx)<Lty).

SUPPOSG also that V = ISP(C) and that for each A € C and a € A,
Axen t(a) exists in A and satisfies

N (@) =t( )\ t“(a)).

keN keN

ThenV = t"(x) ~ t"1(x) for some n € N.
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Applications

The following are not coherent and do not admit uniform interpolation:

@ any variety of modal algebras that is closed under canonical
extensions and does not satisfy @"x ~ @™ x for any n € N;

@ any variety of residuated lattices that is closed under canonical
extensions and does not satisfy x"t1 ~ x" for any n € N;

@ the variety of lattices (first proved by Schmidt 1983).
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We have seen that. ..

@ the “logical” deductive interpolation property corresponds to
the “algebraic” amalgamation property;

@ right uniform interpolation requires also coherence.

What more is required for the existence of a model completion for the
first-order theory? Is there a fixpoint characterization of coherence?
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