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@ Background

e Inverse hull of left I-quotients of left ample semigroups
© Extension of homomorphisms

@ Left I-orders in semilattices of inverse semigroups

e Primitive inverse semigroups of left I-quotients
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Left I-order

Definition

A subsemigroup S of an inverse semigroup Q is a left l-order in @

or Q is a semigroup of left I-quotients of S if every element of @

can be written as a~1b where a and b are elements of S and a1 is
the inverse of a in the sense of inverse semigroup theory.
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Left I-order

Definition

A subsemigroup S of an inverse semigroup Q is a straight left
l-order in @ or @ is a semigroup of left I-quotients of S if every
element of Q can be written as a~1b where aR b in Q where a
and b are elements of S and a~! is the inverse of a in the sense of
inverse semigroup theory.
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(if) every R*-class contains an idempotent (aR* a™).
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Left ample semigroups

@ aR* b if and only if
xa=ya ifandonlyif xb=yb

for all x,y € St

@ A semigroup S is a left ample if and only if
(1) E(S) is a semilattice.
(if) every R*-class contains an idempotent (aR* a™).
(iiif) forall a€ S and all e € E(S),

(ae)Ta = ae.
@ ¢:S— Ts defined by
ag = pa

where p, : Sat — Sa defined by xp, = xa
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Left ample semigroups

If' S is a left ample semigroup then,
S is a left l-order in its inverse hull ¥(S) <= S satisfies (LC)
condition.
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Extension of homomorphisms

@ Let S be a subsemigroup of @ and let ¢ : S — P be a
morphism from S to a semigroup P. If there is a morphism
¢ : Q — P such that ¢|s = ¢, then we say that ¢ lifts to Q.
If ¢ lifts to an isomorphism, then we say that Q and P are
isomorphic over S.
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Extension of homomorphisms

@ Let S be a subsemigroup of @ and let ¢ : S — P be a
morphism from S to a semigroup P. If there is a morphism
¢ : Q — P such that ¢|s = ¢, then we say that ¢ lifts to Q.
If ¢ lifts to an isomorphism, then we say that Q and P are
isomorphic over S.

@ On a straight left l-order semigroup S in a semigroup @ we
define a relation TSQ on S as follows:

(a, b, c) € 7:99 «— ablQ Cc1Q.



Semigroups of Left |-quotients
Extension of homomorphisms

Theorem

Let S be a straight left I-order in Q and let T be a subsemigroup
of an inverse semigroup P. Suppose that ¢ : S — T is a
morphism. Then ¢ lifts to a (unique) morphism ¢ : @ — P if and
only if for all (a,b,c) € S:

(i) (a,b) € R = (ag, bp) € RY;

(ii) (a, b, c) € TE = (ap, bp, cp) € T¥.

If (i) and (ii) hold and S¢ is a left I-order in P, then ¢ : Q — P is
onto.
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Corollary

Let S be a straight left I-order in Q and let ¢ : S — P be an
embedding of S into an inverse semigroup P such that S¢ is a
straight left I-order in P. Then @ is isomorphic to P over S if and
only if for any a,b,c € S:

(1) (a,b) € RE & (ag, bg) € RE,; and

(if) (a,b,c) € T < (ag, bg, cp) € TE,.
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Corollary

Let S be a straight left l-order in semigroups Q and P and ¢ be the
embedding of S in P. Then Q = P if and only if for all a,b € S,

aRbinQ <= apRby

and

(a,b,¢) € T2 < (ap, by, cp) € ’]gfp
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Semilattice of semigroups

Definition

Let Y be a semilattice. A semigroup S is called a semilattice Y of
semigroups S, € Y, if S = J,cy Sa where 5,55 C S5 and
SaNSg=0if a#p.
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Strong semilattices of semigroups

Definition

Let Y be a semilattice. Suppose to each a € Y there is associated
semigroup S, and assume that S, N Sg # 0 if o # 3. For each
pair a, € Y with a > 3, let ¢, 3: S, — Sg be a
homomorphism such that the following conditions hold:

]-) Pa,a = LS,

2) Pa,98y = Pany ifa> 27,
On the set S = [J,cy Sa define a multiplication by

a* b= (apa,as)(brsas)
if a€ Sy, b€ S;.
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o Q=U,ecyXa (Xqinverse hulls of S,)
°

a;lbac/gldﬁ = (tan) " *(rds) where So3by N Sapcs = Sapw

and tb = rc = w for some t,r € S,3.
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Left |-orders in semilattices of inverse semigroups

© S=UycySa (84 has (LC) and S has (LC))
o Q=U,ecyXa (Xqinverse hulls of S,)
°

a;lbac/gldﬁ = (tan) " *(rds) where So3by N Sapcs = Sapw

and tb = rc = w for some t,r € S,3.

Q is a semigroup

The multiplication on @ extends the multiplication on S.
Sis a left l-order in Q = U,cy Za-
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Left |-orders in semilattices of inverse semigroups

Theorem

(Gantos) Let S be a semilattice of right cancellative monoids S, .
Suppose that S, and S, has (LC) condition. Then @ = J,cy Za
is a semilattice of bisimple inverse monoids ( X, inverse hulls of
So) and the multiplication in Q is defined by

a;lbacﬂ_ldg = (taa)_l(rd@) where Sa@ba N SagC@ = SaﬁW

and tb = rc = w for some t,r € S,3.

The semigroup S defined as above is a left I-order in

Q = UaGYZa'
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Left |-orders in semilattices of inverse semigroups

Let S = J,cy Sa be a semilattice of right cancellative monoids
with (LC) condltlon and S has (LC) condition. Let Q@ = J,cy Za
where X, is inverse hull of S,. Then Q is a strong semilattice of
monoids >, and S is a left l-order in Q.
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Left |-orders in semilattices of inverse semigroups

@ we say that a (2,1)-morphism ¢ : S — T, where S and T are
left ample semigroups with Condition (LC) is (LC)-preserving
if, for any b,c € S with SbN Sc = Sw, we have that

T(bg) N T(c) = T(we).
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Left |-orders in semilattices of inverse semigroups

@ we say that a (2,1)-morphism ¢ : S — T, where S and T are
left ample semigroups with Condition (LC) is (LC)-preserving
if, for any b,c € S with SbN Sc = Sw, we have that

T(bg) N T(c) = T(we).

Let S, be a left ample semigroup with (LC) condition and
a3, > 3, is (LC)-preserving. Then S = |J,cy Sa is a left
l-order in a strong semilattice Q@ = |J,cy Lo where ¥, is an
inverse hull of S,.
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Primitive inverse semigroups of left |-quotients

Theorem

A semigroup S is a left l-order in a primitive inverse semigroup Q
if S satisfies the following conditions;

A) S is categorical at 0,

B) S is 0-cancellative,

C) Forany a,be S* aR*b <= xa # 0, xb # 0 for some x € S*,
D) X is transitive, (al\b <= a=b=0 or SanSb#0)
E) Sa#0foralla€s.
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Primitive inverse semigroups of left |-quotients

o Let S satisfies the conditions (A)-(E). Define
Y ={(a,b) € SxS;aR* b}
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Primitive inverse semigroups of left |-quotients

o Let S satisfies the conditions (A)-(E). Define
Y ={(a,b) € S xS;aR* b}

e (a,b)~(c,d)<= a=b=c=d=0, or there exist
x,y € S such that xa=yc #0, xb=yd #0.
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Primitive inverse semigroups of left |-quotients

o Let S satisfies the conditions (A)-(E). Define
Y ={(a,b) € S xS;aR* b}

e (a,b)~(c,d)<= a=b=c=d=0, or there exist
x,y € S such that xa=yc #0, xb=yd #0.

o Let Q =X/ ~ define

[a, bl[c, d] = [xa,yd] if bAc and xb=yc#0
0 else

and 0[a, b] = [a, b]0 = 00 = 0 where 0 = [0, 0].
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e (@ is a semigroup.
@ @ is a regular semigroup.

o E(Q)={[a,al;ac S}u{0}.
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Primitive inverse semigroups of left |-quotients

Q is a semigroup.
Q is a regular semigroup.
E(Q) = {[a.al:a € S} U {0}.

Q is primitive.
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@ S is embedded in Q.
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o E(Q)={[a,a;ac S}uU{0}.
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Primitive inverse semigroups of left |-quotients

Q is a semigroup.

Q is a regular semigroup.
E(Q) ={[a,a];a < S} U{0}.
Q is primitive.

S is embedded in Q.

S is a left l-order in Q.
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Primitive inverse semigroups of left |-quotients

Theorem

A semigroup S is a left l-order in a primitive inverse semigroup Q
if and only if S satisfies the following conditions;

A) S is categorical at 0,

B) S is 0-cancellative,

C) Forany a,be S* aR*b <= xa # 0, xb # 0 for some x € S*,
D) X is transitive, (al\b <= a=b=0 or SanSb#0)
E) Sa#0foralla€s.
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Brandt semigroups of left I-quotients

A semigroup S is a left l-order in a primitive inverse semigroup Q.
Then Q is a Brandt semigroup if and only if for all a,b € S there
exist ¢,d € S such that caR* d A b.
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